Abstract. In this short paper, we will give a simple and transcendental proof for Mok's theorem of the generalized Frankel conjecture. This work is based on the maximum principle proposed by Brendle and Schoen.
Introduction
Let M n be an n-dimensional compact Kähler manifold. The famous Frankel conjecture states that: if M has positive holomorphic bisectional curvature, then it is biholomorphic to the complex projective space CP n . This was independently proved by Mori [9] in 1979 and by Siu and Yau [10] in 1980 by using different methods. Mori obtained a more general result. His method was to study the deformation of a morphism from CP 1 into the projective manifold M n , while Siu and Yau used the existence result of minimal energy 2-spheres to prove the Frankel conjecture. After the work of Mori and Siu-Yau, it is natural to ask the question for the semi-positive case: what is the manifold if the holomorphic bisectional curvature is nonnegative? This is often called the generalized Frankel conjecture and was proved by Mok [8] . The exact statement is as follows: 
where g 0 denotes the Euclidean metric on
We point out that the three-dimensional case of this result was obtained by Bando [1] . In the special case, for all dimensions, when the curvature operator of M is assumed to be nonnegative, the above result was proved by Cao and Chow [4] .
By using the splitting theorem of Howard-Smyth-Wu [7] , one can reduce Theorem 1.1 to the proof of the following theorem: Our method is inspired by the recent breakthroughs in Ricci flow due to [2, 3] . Building upon the pioneering work of Hamilton [5] , Brendle and Schoen [2] proved the differentiable sphere theorem for 1/4-pinched manifolds. Moreover in [3] , the authors gave a complete classification of weakly 1/4-pinched manifolds. In this paper, we will use the powerful strong maximum principle proposed in [3] to give Theorem 1.2 a simple proof.
The proof of the main theorem
Proof. Suppose (M, h) is a compact simply connected Kähler manifold of nonnegative holomorphic bisectional curvature such that the Ricci curvature is positive at one point. We evolve the metric by the Kähler Ricci flow:
According to Bando [1] , we know that the evolved metric g ij (t), t ∈ (0, T ), remains Kähler. Then by Proposition 1.1 in [8] , we know that for t ∈ (0, T ), g ij (t) has nonnegative holomorphic bisectional curvature and positive holomorphic sectional curvature and positive Ricci curvature everywhere. Moreover, according to Hamilton [5] , under the evolving orthonormal frame {e α }, we have
Suppose (M, h) is not locally symmetric. In the following, we want to show that M is biholomorphic to the complex projective space CP n . Since the smooth limit of a locally symmetric space is also locally symmetric, we can obtain that there exists δ ∈ (0, T ) such that (M, g ij (t)) is not locally symmetric for t ∈ (0, δ). Combining the Kählerity of g ij (t) and Berger's holonomy theorem, we know that the holonomy group Hol(g(t)) = U (n).
Let P = p∈M (T 
First, we claim that:
for some constant c 1 > 0, where V denotes the vertical subspaces. The above inequality is an extension of the null-vector condition, obtained by Mok in [8] , on the holomorphic bisectional curvatures (see also Hamilton's survey article [6] ). More precisely, the null-vector condition of Mok [8] states that:
whenever R αᾱββ = 0. In his proof, Mok observed that if R αᾱµμ = 0 for some vector E µ , then the assumption R αᾱββ = 0 and the associated polarization imply R αμβν = 0. So in order to prove the null-vector condition, he only needed to consider the eigenvectors of H α such that R αᾱµμ = 0. In our case, without the assumption R αᾱββ = 0, we cannot obtain R αμβν = 0 and hence cannot apply Mok's argument in [8] directly. So we need some modification. Inspired by Mok [8] , for any given ε 0 > 0 and each fixed χ ∈ {1, 2, · · ·, n}, we consider the function
where R 0 is a curvature operator defined by (R 0 ) ijkl = g ij g kl + g il g kj and C µ are complex constants to be determined later. For simplicity, we denote
, where x µ , θ µ are constants to be determined later, we have:
By choosing θ µ such that e iθ µ (A µ + B µ ) is real and positive and replacing e α with e iϕ e α , the above identity becomes:
where
Since the curvature operators R and R 0 have nonnegative and positive holomorphic bisectional curvature respectively, we know that the operator R = R 0 + ε 0 R 0 has positive holomorphic bisectional curvature. Now choose
(for µ ≥ 1), average the above equality over ϕ, 0 ≤ ϕ ≤ 2π, and note that
Then we can obtain that
and c 1 is a positive constant that does not depend on ε 0 . By the arbitrariness of ε 0 , we can let ε 0 → 0, and obtain that:
for some constant c 1 > 0. Therefore we proved our first claim. By the definition of u and the evolution equation of the holomorphic bisectional curvature, we know that
Combining the above inequality, we obtain that:
where L is the horizontal Laplacian on P , and V denotes the vertical subspaces. By Proposition 2 in [3] (actually, the same argument still holds for the bundle P in [3] changed by the bundle P defined in our paper), we know that the set
is invariant under parallel transport. Next, we claim that the holomorphic bisectional curvature R αᾱββ > 0 for all t ∈ (0, δ).
Indeed, by Proposition 1.1 in [8] , it is known that g ij (t), t ∈ (0, δ), has positive holomorphic sectional curvature, so if the claim is not true, then R αᾱββ = 0 for some t ∈ (0, δ) and some orthonormal 2-frames {e α , e β }. Therefore ({e α , e β }, t) ∈ F.
Combining R αᾱββ = 0 and the evolution equation of the curvature operator and the first variation, we can obtain that:
We define an orthonormal 2-frame { e α , e β } ⊂ T Since F is invariant under parallel transport and (M, g ij (t)) has holonomy group U (n), we obtain that ({ e α , e β }, t) ∈ F, that is, R( e α , e α , e β , e β ) = 0.
On the other hand, by the first variation and direct computations, we have R( e α , e α , e β , e β ) = cos 2 θ sin 2 θ(R αᾱαᾱ + R ββββ ).
So we have R ββββ + R αᾱαᾱ = 0 if we choose θ such that cos 2 θ sin 2 θ = 0, and this contradicts the fact that (M, g ij (t)) has positive holomorphic sectional curvature. Hence we have proved that R αᾱββ > 0, for all t ∈ (0, δ).
Therefore by the Frankel conjecture, we know that M is biholomorphic to the complex projective space CP n . This completes the proof of Theorem 1.2.
